Abstract-This paper provides a rigorous study of the causes and physical origins of intermodulation distortion (IMD) in RF microelectromechanical systems (MEMS) capacitors, its analytical dependence on the MEMS device design parameters, and its effects in RF systems. It is shown that not only third-order products exist, but also fifth order and higher. The high-order terms are mainly originated by the nonlinear membrane displacement versus applied voltage and, in the case considered in this study, with an additional contribution from the nonlinear dependence of the reflection coefficient phase on the displacement. It is also shown that the displacement nonlinear behavior also contributes to the total mean position of the membrane. In order to study these effects in depth, an analytical frequency-dependent IMD model for RF MEMS based on a mobile membrane is proposed and particularized to the case of a MEMS varactor-a device for which IMD can be significant. The model is validated, up to the fifth order, theoretically (using harmonic balance) and empirically (the IMD of a MEMS varactor is measured). To this end, a two-tone IMD reflection measurement system for MEMS is proposed.
the MEMS devices are also affected by the RF power. From the microwave circuit designer point-of-view, one undesired effect of RF power on MEMS is intermodulation distortion (IMD), which limits the maximum power a transmitter can deliver due to in-channel and cross-channel interference. Until not long ago, RF MEMS were assumed to be intermodulation-free devices. Although RF MEMS offer lower IMD than their semiconductor equivalents, this parameter cannot be ignored in MEMS devices under some excitationconditions. In the case of MEMS capacitive switches, it has been demonstrated that IMD is very small [12] . In addition, it is known that self-actuation is more critical in MEMS capacitors than in capacitive switches due to its larger area and the smaller gap required to achieve a nominal capacity (membrane in its up state), normally much higher than in capacitive switches. Consequently, since both self-actuation and IMD phenomena depend on the RF voltage at the device, it could reasonably be expected that the IMD in variable two parallel-plate capacitors would be more significant than in capacitive switches. This is because of their high nominal capacity, high RF voltage (due to standing waves at the capacitor in a shunt configuration), and a membrane positioning in highly nonlinear regions.
A number of models for IMD have been presented in the literature. In [12] , an analytical model for third-order IMD in MEMS switches and an ADS-based nonlinear computeraided design (CAD) model, are proposed and compared to measurements of third-order IMD. The analytical model in [12] is based on two main approximations, i.e., small displacement of the membrane (linear zone) and high bridge impedance. However, these two approximations cannot be assumed in two parallel-plate capacitors because displacements up to 33% of the initial gap are expected and their higher nominal capacity corresponds to an impedance that cannot be considered as an open circuit. The model also assumes that the difference frequency between RF tones is much smaller than the device mechanical resonance frequency. A different approach [13] , formulated in the frequency domain, is based on Volterra series and restricted to weak nonlinearities. It obtains simulated third-order IMD products in MEMS capacitors. A theoretical approximation to nonlinear effects in MEMS switches is presented in [14] , while a two-tone mixed-domain simulation tool is applied to the study of distortion in MEMS capacitive shunt switches in [15] . Recently, a theoretical analysis of the distortion level in a resistive-contact MEMS switch has been presented [16] . In this case, the IMD in the up-state is not significant because of a small overlapping between plates; the IMD in the down state is modeled by means of a resistance variation due to the resistivity dependence on the temperature, which is a function of the RF tones. Another recent study [17] presents an extended harmonic-balance formulation to describe MEMS nonlinearities, providing a set of complementary equations to describe the nonlinear dynamics of MEMS and a number of techniques to solve convergence problems. In [18] , a harmonic-balance analysis is applied to the nonlinear modeling of MEMS in reconfigurable antennas. In a previous study by the authors [19] , a numerical model for a fast prediction of two-tone IMD in MEMS capacitors is proposed, but restricted to a small separation between tone frequencies (much less than the membrane resonance frequency). Measurements of IMD produced by a MEMS varactor for a two-tone test and digitally modulated signals are provided.
The aim of this paper is to propose an analytical model for computing the IMD originated in MEMS devices made up of two parallel plates and to provide a physical explanation of its origins. To this end, a general analysis of the mobile membrane displacement generated by two RF tones is developed. A solution for the one-dimensional (1-D) nonlinear differential equation ruling the membrane movement (mass-spring-damper) is proposed. The analysis is neither restricted to the linear zone, nor in frequency, as membrane displacement is frequency dependent. It must be stressed that, while an analytical model in the time domain is mandatory to relate IMD to its physical origins, its frequency dependence is also important to determine the influence of the external conditions (RF signal frequency) on IMD distortion. The proposed model is versatile and easy to use by the microwave designer because it provides the analytical dependence of the IMD products on design parameters in a closed form, as well as a quantitative description of the various nonlinear phenomena. It is theoretically demonstrated and empirically validated that, in MEMS capacitors, not only third-order intermodulation products are generated, but also fifth order (although higher order IMD products are also generated, their power is beyond our measurement limit). These products are generated by the nonlinear dependence of the membrane displacement on the applied voltage, and enhanced by the nonlinear nature of the reflection coefficient phase with the displacement. The contribution of the nonlinear terms to the membrane mean position is also analyzed. It is demonstrated that its effect is an enlargement of the mean displacement obtained from dc bias and self-actuation producing, in turn, an increase in all IMD products.
II. MEMBRANE DISPLACEMENT DUE TO THE PRESENCE OF TWO RF TONES AND BIAS SIGNAL
The dynamics of motion of a suspended membrane can be predicted using the 1-D nonlinear differential equation of a mass-spring-damper second-order system, which, assuming a two parallel-plate topology and electrostatic actuation, can be expressed as (1) where (see Fig. 1 ) is the displacement, is the initial gap, is the electrodes' area (an effective equivalent area, which takes into account the fringing capacity: see Section VI-A), is the total applied voltage, and is the air permittivity; , , and are the mass, damping coefficient, and total suspension stiffness constant of the mobile plate, respectively, as shown in Fig. 1 .
Defining a signal at the capacitor composed of two RF tones and dc bias (2) the square of voltage in (1) reduces to (3) where the high-frequency terms have been omitted since, due to the low-pass behavior of (1) ( , ; being its mechanical resonance frequency), they have no influence on the membrane position. It must be stressed that and are the total voltages at the capacitor, which depend on the amplitudes of the incident waves , the specific location of the device in the circuit and the device electrical parameters (reflection coefficient). This is an important difference in comparison to terminated MEMS switches, where the total RF voltage at the device is approximately the amplitude of the incident wave. Defining (4) and the frequency difference between tones (5) in (1) is expressed as (6) This means that the electrostatic force is proportional to a squared voltage composed of a dc component-caused by dc bias and self-actuation-and a time-varying component. Consequently, a constant shift plus a certain time-dependent displacement can be expected in the membrane response. In order to approximate the solution of (1) for voltage (2), a displacement composed of two parts, i.e., a constant dc part [due to the dc force component, which includes the rectified RF tones, as can be seen in (4)] and a time-varying one is proposed:
. Substituting this expression in (1), the following differential equation is obtained: (7) Expanding (7) yields (8) where and are first and second derivatives of , respectively; constants and are defined as (9) (10) is the amplitude of the force ac component (11) and is the amplitude of the force dc component (12) In (8), the cubic term can be neglected because is very small. Furthermore, the cross-products between and its derivatives can also be neglected in front of the linear and quadratic terms because they are multiplied by the parameters or , which are much smaller than . Applying the above approximations to (8) , we obtain (13) where the dc components of displacement and force and (12) satisfy the relation (14) Equation (13) can then be written as (15) A solution for the displacement can be found using a Fourier series expansion (16) The Fourier coefficients satisfy . Substituting (16) into (15), we obtain (17) An analytical solution for the displacement [Fourier coefficients in (16)] can be obtained by using the orthogonality property of the Fourier series in (17) for a convenient truncation order . In this study, only the constant term and the first and second harmonics and are considered . The reason is that higher order harmonics have much lower amplitude and their effect in the phase modulation can be neglected (see Section IV). Moreover, the dominant term in the response of the differential equation (15) is the forced term corresponding to the response in the linear region and, therefore, , can be assumed. With the above considerations, the following analytical approximations for the Fourier coefficients are obtained.
• DC term (18) (19) • First harmonic (20) • Second harmonic (21) Using (16), (22) angle (23)
angle (25) Note that the frequency response of the mass-spring-damper system at harmonic frequencies and
[ (22) and (24) respectively] has a low-pass behavior. Also note that a new contribution to the dc term emerges. The total dc component of displacement is then (26) and the global displacement can be split into a total dc component (or constant) (26) and a total time-varying component (27)
The dc-displacement caused by the applied dc bias and self-actuation can be obtained from (14) and, substituting it into (9)- (11) and (18)- (25), the time-dependent contribution of (27) is solved. The displacement , in spite of being the main contributor to , is not the total dc displacement of the membrane, as the time-dependent part of the proposed solution also presents a constant displacement resulting from the membrane nonlinear behavior (nonlinear terms in the equation).
It can also be deduced from (9), (22), and (24) that the mechanical bandwidth, in terms of IMD, is not constant, decreasing with an increasing applied dc voltage self-actuation . It must be stressed that this analysis of the displacement is valid for any mobile membrane in a two parallel-plate configuration with electrostatic actuation either in a switch or in a capacitor and for any initial gap, area, or other parameters. Below, this displacement will be used in the particular case of a MEMS capacitor.
III. PHYSICAL INTERPRETATION OF THE MEMBRANE DISPLACEMENT: ORIGIN OF INTERMODULATION
A qualitative analysis of IMD generation under different excitation conditions, based on the study of the membrane displacement presented in Section II, is presented here. Several physical interpretations, with a direct relation to the origin of IMD in MEMS devices, can be deduced. A quantitative derivation of IMD products obtained from the analysis of the reflection coefficient phase is given in Sections IV and V. Fig. 2(a) shows the membrane displacement as a function of the squared voltage. This plot can be qualitatively compared to the load line of a transistor, the main difference being that this curve is not linear in MEMS. Therefore, the amplitude of displacement depends not only on the amplitude of the temporal component of the squared voltage [see (6) ], but also on the dc component (bias voltage and self-actuation). It can be observed that, for an applied signal such as shown in (2), the displacement will be a small-amplitude sinusoid when the MEMS is in the linear region of its tuning range, generating only third-order IMD. This sinusoid suffers a growing degradation when the device behavior becomes more nonlinear, thus higher frequency components appearing in the membrane displacement, which, in turn, generate higher order intermodulation products. Moreover, the amplitudes of the displacement harmonics increase with the Fig. 2(a) holds for the case . As deduced from (27), the displacement is a function of frequency, due to the device low-pass behavior (1). Fig. 2(b) shows the frequency dependence for the worst case of Fig. 2(a) , which corresponds to a highly nonlinear position. Depending on the frequency , five different cases are defined. Table I summarizes the cases with their corresponding displacement harmonics and IMD generation. As it is demonstrated in Section IV, the intermodulation products are indeed generated by a modulation in the reflection-coefficient phase, which, in turn, is produced by the displacement harmonics. It must be stressed that, in addition to the generation of higher order harmonics, an extra dc displacement, which is significant for , arises and grows with an increasing displacement nonlinearity [see (26)]. As a conclusion of Fig. 2(b) , the use of two tones with a frequency difference much larger than is recommendable. However, this is not always feasible as, for instance, in digitally modulated wide-band signals [19] .
The dependence of displacement on the total applied voltage and on the frequency is observed in Fig. 3 . Fig. 3(a) shows the displacement time waveforms of a membrane without dc bias, excited with a low RF power, for several RF tone separations . It can be observed that the displacement has a sinusoidal behavior in all cases, showing decreasing amplitude for increasing . It must be stressed that the displacement dc component remains nearly constant in this case. Also note that, for , the amplitude of the time-varying displacement agrees with the value of the displacement due to self-actuation.
On the other hand, Fig. 3(b) shows a case with high RF power and no dc bias. In this case, the squared voltage has large amplitude. The displacement of the membrane is plotted for several situations. It can be seen that the sinusoid suffers a distortion (higher harmonics appear) for the case of , which is translated into fifth-order and higher order intermodulation products. Also note that, in this case, there is a significant constant displacement component, which adds to the initial value due to dc bias and self-actuation. Fig. 4 shows a similar situation as in Fig. 3(a) , but adding a bias voltage for two cases: low bias voltage and high bias voltage. A low RF power is considered in both cases. In the case of a low-bias voltage, it can be seen that the membrane behavior is a sinusoid for any applied frequency. On the other hand, for a high-bias voltage (placing the membrane in a highly nonlinear position), the membrane describes a nonsinusoidal movement and, therefore, fifth-order and higher intermodulation products are generated. In addition, there is an increase in the dc component because the nonlinear terms in the displacement equation are significant for high bias voltages.
IV. REFLECTION COEFFICIENT PHASE AS A FUNCTION OF THE MEMBRANE DISPLACEMENT
Since the device capacity depends on the instantaneous gap, the reflection coefficient is a function of the displacement. IMD is originated in the periodic phase variations caused by the instantaneous displacement studied in Sections II and III. The electrical model of the capacitor is the one proposed in Fig. 1 , where a loss resistance and a parasitic capacity have been added for generalization purposes. The expressions presented here can be greatly simplified in low-loss devices or small parasitic capacity devices.
In the model of Fig. 1 , the total capacity is (28) and the reflection coefficient for a pulsation is
Since the RF tone separation required for generation of displacement harmonics and IMD [see Fig. 2(b) ] is comparable to the mechanical bandwidth of the device (this being in the order of kilohertz), it is assumed that the reflection coefficient is identical at both frequencies and , namely, . Substituting in (29) with (27) and defining , the reflection coefficient phase is In (32), it can be appreciated that two constant phase contributions, originated in the quadratic term of (31), add to -the phase at position . It can also be observed in (31) and (33) that the reflection-coefficient phase is affected by a periodic modulation, this being the cause of intermodulation product generation. Note that the nonlinear dependence of phase on the displacement has been modeled up to the quadratic term. This approximation has proven to be sufficient to model intermodulation up to the fifth-order term. Fig. 5 shows a schematic of all the contributions to IMD. First, the contribution of each displacement harmonic (whose generation has been studied in Section II) to the reflection-coefficient phase variation can be observed. In a second step, each phase harmonic is translated into its respective intermodulation tone, whose power will be determined in Section V.
V. ANALYSIS OF INTERMODULATION PRODUCT POWER
In Section VI, the analytical model proposed in Sections II-V is validated by comparison to harmonic-balance simulations and to experimental results. To this end, an experimental setup for characterizing the IMD produced by MEMS capacitors is proposed. It is based on measuring the reflected waves from the MEMS device. Specifically, IMD is defined as the power ratio between the intermodulation products and the fundamental reflected waves (see Fig. 5 ). Here, the intermodulation product power, as well as third-and fifth-order IMD and are obtained analytically.
The reflected signal at the MEMS capacitor can be expressed as (37) (35) (36) where and aretheamplitudesof theincidentwavesand is the magnitude of the reflection coefficient (29), which, in this study, is considered constant for all positions of the membrane. Indeed, as shown below, this parameter has no contribution to the calculation of and . Using (31), the phase can be split into a constant and a time-dependent term . Considering small enough, (37) can be approximated by a Taylor-series expansion as a function of as follows: (38) In (38), only the constant and linear terms of the Taylor series have been considered. Substituting with (33) and neglecting those tones of order higher than fifth, the reflected signal, including the intermodulation terms corresponding to the upper sideband , can be expressed as follows in (39) (the lower sideband is identical provided that the amplitudes of the incident waves are the same): Since , , the reflected voltage at the main frequency can be simplified to (41) The reflected power at the main frequency and the intermodulation product power can be derived from (42) Finally, third-and fifth-order IMD can be calculated from (45) and (46), respectively, as follows:
It is observed that and do not depend on . Note also that these IMD products are a function of the RF frequency due to the reflection coefficient phase frequency-dependence [see (30)].
VI. ANALYSIS VALIDATION: SIMULATIONS AND MEASUREMENTS

A. Measured Device
A two parallel-plate capacitor, previously designed and manufactured [20] (see a top view photograph in Fig. 6 ), has been used to validate the proposed analytical model (Sections II-V). Fig. 6 also shows a plot of the capacity versus voltage, simulated and measured. Curve fitting is crucial, as all the IMD calculations are based on the 1-D model (28). This model, along with (1), assumes the mobile plate to move as a rigid block with a uniformly distributed stiffness constant , which is approximately the case for the low-device of Fig. 6 . For high-devices, the mobile plate suffers some bending, and the 1-D model is no longer valid. In this case, the two plots differ, and the fitting of movement and capacity is performed through a reduction of the real model order by finding effective parameters for a correct prediction of IMD. Table II summarizes the main parameters of the simulated and measured capacitor manufactured using the surface micromachining PolyMUMPS process [21] . The effective area A takes into account the effect of the fringing capacity. Fig. 7 shows the measurement system implemented to characterize two-tone IMD in MEMS capacitors. The system is designed to measure in reflection, a required feature for characterizing capacitors (one-port devices), in contrast to the one proposed in [12] . Two tones are injected into the capacitor using a power combiner. In order to provide enough isolation between both signal generators, an amplifier plus a circulator have been included in each path. A high isolation is essential to avoid injection locking between generators, as the difference frequency is very small, well inside the bandwidth of the loop filters in the synthesizers. A sample of the reflected signal in the MEMS device-which includes the generated IMD tones-is obtained through a directional coupler and displayed in a spectrum analyzer. In this way, IMD is measured in the reflected wave. All measurements in Section VI-C are performed according to this measurement concept.
B. Measurement Setup
C. Simulations and Measurements
Here, the proposed model is validated through measurements. Fig. 8 shows four spectra of the reflected signal, corresponding to four RF tone separations . Fifth-order intermodulation is clearly observed for the cases of Hz and 6 kHz. The IMD level is frequency dependent, as can be observed by a de- A decrease in third-and fifth-order intermodulation products power with increasing ! is observed. crease of the intermodulation product power with increasing RF tone frequency separation. Fig. 9 shows a comparison of the results obtained with the proposed model to harmonic-balance simulations (based on the ADS nonlinear model of [12] ), as well as to measured results. A very good agreement between models for predicting third-and fifth-order IMD is observed. Compared to measured results, it is observed that, while both models agree with measured thirdorder IMD, they predict, for the case of fifth order, a distortion worse than the measured one. This can be attributed to the fact that the measured capacitor does not behave exactly as predicted by the 1-D model, which assumes the membrane to move as a rigid block with a uniformly distributed restoring mechanical force. This means that the displacement sinusoid is not as much distorted as predicted.
The measurement of IMD has been performed in open air, as can be deduced from Fig. 9 , where an overdamped behavior and, thus, no resonance frequency, is observed. Intermodulation increases with bias voltage, as the membrane is placed closer to the fixed electrode in a nonlinear position. This can be observed in Fig. 10 , where IMD is shown as a function of the applied bias voltage for dBm and Hz. The model predicts a larger IMD increase due to bias voltage than the measured one, which is also attributed to the fact that the displacement sinusoid is not as much distorted as expected. The dependence of IMD on the bias voltage is also shown in Fig. 11 , where two measurements of IMD as a function of for dBm and bias voltages of 0 and 1 V are compared to the results predicted by the analytical model. The dependence of IMD on the applied RF power is plotted in Fig. 12 , where simulations of obtained from the proposed analytical model for three RF power values are compared to measured results. An increase of with RF power, as expected, can be observed.
The evolution of IMD as a function of RF power can be more clearly observed in Fig. 13 , where results of third-and fifth-order intermodulation predicted by the analytical model are compared to measurements. Fifth-order IMD is significant for RF power levels higher than approximately 7 dBm. For lower power levels, its contribution is hidden by the noise floor. It should be noted that fifth-order IMD approaches third-order IMD for high input voltages.
The evolution of as a function of RF power for three RF tone separations can be observed in Fig. 14 . degrades with decreasing , as expected. 
VII. DISCUSSION ON THE RESULTS
The need for using the total voltages and at the capacitor instead of the incident wave amplitudes and has been stressed in the presented formulation. This is not required in capacitive switches in the ON state since they generally have both ports terminated. This remark is important because, depending on the position of the MEMS capacitor in the circuit, the voltage at the capacitor may be different (higher or lower) from the amplitude of the incident wave, producing a higher or lower intermodulation product level. In a reflection measurement configuration, the capacitor acts as the termination of a transmission line and, thus, a standing wave is generated. The more out-of-phase incident and reflected waves are, the lower the total voltage at the capacitor is, producing a lower self-actuation and IMD, also increasing the RF current density at the device. Adding a parasitic capacity to the device-in the case of capacitors mounted in a configuration similar to the one proposed here for measurement-could be considered as a method to increase the phase shift between the incident and reflected waves and, therefore, to improve IMD behavior of MEMS capacitors.
An important result is that the measured MEMS capacitor-which has a low stiffness constant and a low initial gap (Fig. 6 )-has shown low IMD figures (the worst measured values are dBc and dBc for the case of dBm-near pull-in due to RF power-and Hz ), much better than its commercial semiconductor equivalents. This conclusion is remarkable since, although this study has demonstrated that IMD in MEMS capacitors is higher than in MEMS switches, this increase is not as large as could be expected from the arguments given in Section I. Moreover, it has been verified that the IMD performance in MEMS capacitors can be much improved with RF tone separations higher than the device mechanical bandwidth.
It must also be stressed that using a capacitor with a higher pull-in voltage does not necessarily imply that either the thirdor fifth-order IMD products disappear, but only that the same effects would shift to a higher RF power level. For this reason, the nonlinear effects and the presence of high-order IMD products studied in this paper are completely general for any two parallel-plate MEMS capacitor.
VIII. CONCLUSION
Intermodulation phenomenon in RF MEMS capacitors has been studied in depth for the general two-tone case. The roles of the various physical building parameters and external excitation conditions on IMD generation have been provided. Generation of IMD products has been analyzed and experimentally characterized by an analytical frequency-dependent model that allows a realistic IMD prediction in MEMS varactors. It has been shown that, in addition to third-order IMD products, higher order products (fifth order) emerge when the membrane is placed in the highly nonlinear regions of the tuning range (highly nonlinear dependence of the displacement on the applied voltage). These IMD products are also slightly increased due to the nonlinear dependence of the reflection-coefficient phase on the displacement. The nonlinear dependence of the displacement versus voltage contributes to the total mean position of the membrane as well. It has been demonstrated that MEMS capacitors are expected to produce more significant IMD levels than capacitive switches in spite of being considerably smaller than those generated by their commercial semiconductor equivalents. A measurement setup, based on the measurement of the reflected signal, has been proposed and used to validate the theoretical analysis, as well as the analytical model.
